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Analysis of Bifurcation and Chaos by 
Describing Function Method 
Kazumasa Hirai 
Faculty of Science, Konan University 
8-9-1, Okamoto, Higashi-Nada, Kobe, Japan 658 
Abstract In this paper it is shown that the bifurcation and chaotic behavior in a nonlinear system 
can be analyzed by using the describing function method. The proposed method to predict 
bifurcation or chaos can be applied for a nonlinear system of any order and also applied for a 
nonlinear system with time lag. 
1. Introduction 
In this paper the author's works to predict bifurcation and chaos using the describing function 
method published hitherto in several journals and proceedings are rewritten and summarized. The 
describing function method is well known in the control theory [I] and the application of this 
method to the bifurcation and chaotic phenomena have also been studied [2],[3]. The methods 
studied in this paper will be much easier to apply by comparing with other methods. Since the 
analysis is made in the kequency domain, it is possible to analyze a nonlinear system of any order or 
system with time lag. 
Throughout this paper a nonlinear control system shown in Fig.1 will be considered, where G(s) is 
a transfer h c t i o n  of a linear part and it is assumed that G(s) has no poles in the RHP and has the 
property of a low-pass filter, and fly) is a nonlinear function. 
Now let 
G(s)  = N(s) l D(s) , (1) 
where D(s) = sn + a,s"' +.a -+an-,s + an and N(s) = 1 
This system can also be represented by a differential equation form 
as 
D(P)Y + f ( Y )  = r(t) ,  p = d 1 ‘3t (2) 
or 
i1 = X 2 ,  i2 = x3;..,xn-, = X , ,  
in = -(a,xn + ... + anx, + f ( y ) )  + r ( t )  (3) Fig. l Control system 
Y=Xl 
The purpose of this paper is to show how to obtain the parameter regions of bifurcation and chaos by 
using the describing fimction method. 
2. Analysis of bifurcation 
It is well known that the output amplitude to a sinusoidal input in a nonlineai system jumps to 
higher or lower magnitude by a slight change of the input frequency if some conditions are satisfied. 
This phenomenon is called jump resonance in control or mechanical engineering. This phenomenon 
can be considered as the bifurcation phenomenon. The following investigation is to analyze the jump 
resonance phenomenon as one of the bifurcation phenomena and it will be shown that the jump 
resonance occurs not only by a slight change of the input frequency but also by a slight change of the 
other parameters. 
Let consider the periodic motion in this system. According to the assumptions, when the sinusoidal 
input r( t )  = R sin ot is applied, the output of the system can be assumed to be sinusoidal, that is, 
it can be assumed as y(t)  = xl ( t )  = X sin(& + 9) . Let the describing function of f ( y )  be 
G,(X) . The closed loop transfer function can be represented by 
Y ( s )  = ~ ( s )  /(G-' ( s )  + G, ( X ) )  (4) 
where Y(s)  and H(s) is the Laplace transformation of y(t)  and r( t )  respectively. Putting 
s  = jw and substituting 
G- ' ( jw)  = a ( j w ) +  jP(jw), and G d ( X )  = g(X)+ j q ( X )  ( 5 )  
into (4), we have 
( R  1 xIZ = (do) + { ( x ) )~  + V ( X > ) ~ .  
We put 
F ( x ) =  xZ( ( a + Q Z + ( f l + q ) z  ) - R ~  = O  (7) 
The function F ( X )  will be an expression of the equilibrium state with respect to state variable X 
and parameters R , a, P, w,  - . etc. So the saddle-node type bifurcation with respect to X occurs if 
$ / = 0. Eliminating X from (7) and equation of $ / = 0 , the parameter region for 
bifurcation in the parameter space can be obtained. Practically it will be usehl to show the region for 
bihcation on the parameter plane by choosing two of parameters and keeping other parameters 
constant. For example, the a - /? plane (i.e. G-' ( j o )  plane), the R - w plane, and the 
R - D plane, where D is a parameter of the nonlinear characteristics, can be considered. In Table 
1, examples of parameter regions for bifurcation for various types of nonlinear characteristics are 
shown [4]. The solid (broken) line means that bifurcation occurs from a higher (lower) level to a 
lower (higher) level of the amplitude X [ 5 ] .  
Example 1 
G(s) = 1 
s2 +2gw,s+wn 2 
f ( y ) = y  ly15D, =+D y > D ,  =-D y<-D,  
The parameter region for bifurcation on the R - D plane for g = 0.2, w, = 0.5, and w = 1 is 
shown in the right column in Table 1. The relation between X and D can be shown in Fig.2. 
In the above analysis N(s)  is assumed to be unity in (1) for simplicity, however it will be clear 
that if N(s )  is a polynomial of s, the above method can be applied without any difficulty. In 
addition, if there exists a time lag element in N(s)  or D(s) ,  the above method can be applied.' 
Example 2 
f ( y )  is the same as example 1. 
If a=0.2, b=0.5, c=0.1, R=1.8, D=l and 7 =25, the bihcation diagram can be shown in Fig.3 [6]. 
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Table 1 Parameter regions for bifurcation for various nonlinear elements 
Fig,2 Bifurcation in R-D plane Fig.3 a) Bifurcation region b) bifurcation diagram 
3. Analysis of  Chaos 
The following conjecture for the occurrence of chaos will be proposed, that is, 
1) if there exist multiple equilibrium points and they are all unstable, and 
2) if there exists an unstable limit surface, from where every trajectory goes away, 
around these equilibrium points, 
then a trajectory starting from the inside of the limit surface does not converge to any 
equilibrium points and abo does not diverge, and the trajectory may wander in the state 
space. I t  may be chaos. 
This conjecture can be formulated by using the describing function method as following 
[7]. Instead of the existence of an  unstable limit surface, firstly the existence of an 
unstable limit cycle will be studied. 
Let a nonlinear function in Fig.l be f ( x )  = x 3  - kx, k > 0 .  From (3), the equilibrium 
points are given by 
I t  can be shown that if k I a,, , there exists only one stable equilibrium point P O ,  and 
if k > a,, , it becomes unstable and two stable equilibrium points P* appear, and then, 
if k increases further, Pi becomes unstable and two stable limit cycles around them 
appear. This condition is the case where three equilibrium points become all unstable. 
Now let one of the stable limit cycle be represented by x ,  (t)  = A + B, sinwr. The bias 
component, A and the amplitude of a stable limit cycle, B, and the amplitude of 
unstable limit cycle surrounding three equilibrium points, B, can be calculated by using 
the describing function method as 
where 
g o = l / G ( 0 ) ,  t , = l / R e G ( j o , ) ,  IrnG(jo,)=O. 
In Fig.4 the schematic location diagram of limit cycles is 
shown. In order for the unstable limit cycle to encircle two 
.......... ". ....__.... 
stable limit cycles, B, + I A J  I B~ [rfl....... ......... 
(10) 
0 
must be satisfied. Substituting (9) into (lo), we have 
-.... ...." 1 -.... 
......... .............. (1 1) .*... .--..- --(3go - l o )  I k 5-141, + 15go 
L 
I t  is to be noted that the left-hand side condition is equal Fig.4 Schematic dia- 
to the condition for every equilibrium point to be unstable. gram of limit cycles 
Now, since it is not easy to show the existence of an  unstable 
limit surface, it will be shown that the trajectory starting from the inside of the unstable 
limit cycle does not diverge. Since it can be shown that there exists an  unstable limit 
cycle, x, is bounded. Therefore, if a, > 0 ,  all state variables are also bounded. This 
condition is satisfied since G(s) has no pole in the RHP. The problem here is the 
accuracy of the describing function method. Although it is an approximate method, i t  
has been known that if G(s) has a sufficient low pass filter characteristic and nonlinear 
function has not a special form, then the results are reliable. It  is to be noted that the 
condition (11) can also be applied to a nonlinear system with time lag. 
Example 3 
If z = 0 , (11) becomes 
The parameter regions for the occurrence of chaos for several values of twil l  be shown 
in Fig.5. In the shaded region it is possible for chaos to occur, while stable limit cycles 
can also be observed. In the upper (lower) region of the shaded region, the state 
variables converge (diverge). By computer simulation the double and single scroll-type 
chaos can be observed as shown in Fig.6. 
unstable region (1 
Fig.5 Parameter region for chaos for (12) Fig.6 Chaotic trajectories 
(k=31, 0, =1) 
4. Conclusions 
In this paper it was shown that the describing function method used in the control 
engineering is useful to analyze the bifurcation and chaotic phenomenon. The method is 
very simple and can be applied to a system of any order system and a system with time 
lag. The problem of using this method is the problem of accuracy, since the describing 
function method is an approximate method in itself. However, if the linear part of the 
system has a property of a low pass flter, it is known that the describing function 
method can be applied. 
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